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e The MAV has made the 2024 MAV Solutions to 2023 VCAA
Mathematical Methods exams resource available as downloadable
files.

* The files can be downloaded easily from the Thinkific platform
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* Mean 34.3 (33.9in 2022) and SD 8.5 (8.4 in 2022)
« 20 (21)

e 25(28)

* 30 (35)

 35(41) Up 1 from last year

* 40 (46) Up 1 from last year

e 45 (49)

* 50 (51)
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Changes 2024

* Four alternatives only in the Multiple Choice
* New Formula Sheet

* VCAA will be releasing
* The Marking Guide and
* Fully Worked Solutions
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e 77% answered Question 1 correctly.
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Question 1

A-—L p_T%
2 3
PR
2 3
il
2 2
A=l p_Z
E
il pm
2 3

The amplitude, 4, and the period, P, of the function f(x)= —% sin(3x + 2 are

f(x)= —% sin(3x+27)

The amplitude is

The period is 2; .




B Question 4 (A,D, 15,14)

Question 4
Consider the system of simultaneous linear equations below containing the parameter

kx+5v=k+5
k- k+5
dx + (k+1)y=0 kr+5y:k+5,y:—§x+—5
The value(s) of & for which the system of equations has infinite solutions are Axt (k+ l)y 0. y= —4 .
A, ke {54} k+1
B. ke {-5} For infinite solutions
C. ke {4 k+5 k-4
——=0and —=——
D. ke R\{-5 4} 5 5 k+1
E. keR\{-5} Hence k£ =-5.
+ k-4 k=-5
solve|——=0 and —=——/k
5 5 k+1



A Question 2 (B 29)

Question 2

For the parabola with equation v = ax* + 2bx + ¢, where a, b, ¢ € R. the equation of the axis of symmetry is

A, x=- b
a
B. J‘:=—i y=ax +2bx+c
2a . , . =2b_ b
The equation of the axis of symmetryis x=——=——.
C. v=c¢ 2a a
b
D. x=—
e
_b
k. x= 2a completeSquare(a- x2+42- b x+c,x)
( b\ @ c-b?
a |x+—| +
a a




C Question 13 (B 22)

Question 13

. : . . o x)=x +3x-3, f'(x)=3x"+3, x, =1
The following algorithm applies Newton’s method using a Fox loop with 3 iterations. J) ¥=3, f1(x)=3x > Yo

Newton’s method

Inputs: f(x), a function of x f(xo)
df (x), the derivative of f(x) xl_xo_f'(xo)
%0, an initial estimate
x, =1, xlzi, x,_:ﬂ, x;, =0.81773..
6 549

Define newton (f(x), df(x), x0)
For 1 from 1 to 3
If df(x0) = 0 Then

Return “Error: Division by zero”

After three iterations x;, =0.81773 correct to five decimal places.

Else
®x0 & x0 - £(x0) =+ df(x0)
EndFor
Return x0 B B e Done
r(x).—x hdhe=d 5 449
The Return value of the function newton (x*> + 3x — 3, 3x> + 3, 1) isclosestto " a0
d(x):=3-x2+3 Done 5__\6/ 549
A. 0.83333 i s
B. 0.81785 1 1 d(z) I
C. 0281773
b | ensfans)itans) o)
: 677445145 828444294 ‘ v
E. 3
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Question 6

10 10 3
Suppose that j f(x)dc=Cand | f(x)dc= D.The value of j f(x)dx 18
3 7 7

A. C+D j F(x)dx = f F(x)de+ f F(x)dx
B. C+D-3 3 3 7

C. C-D 7

b, D_cC C:_!f(x)dx+D

E. CD-3

C—D:j.f(x)dr

j.f(x)dr: D-C

Tf(x)dvc:C and Tf(x)dvc:D.
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Question 8

A box contains » green balls and »2 red balls. A ball is selected at random, and its colour is noted. The ball is then
replaced in the box.

In 8 such selections, where » # m, what is the probability that a green ball is selected at least once?

7
n m
A 8
[_n+mJ(_n+ mJ

B. 1—( "
.J?+m

J 8
) :1_[ m ]
C. 1_( m J n+im

n+m

7
n m

D. I-

(n+m}[_n+mJ

7
E. 1—8( ! J{ J
n+m){n+m

8 Let G represent a green ball being selected.
Pr(Gz=1)=1-Pr(G=0)
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Question 3
Two functions, p and ¢, are continuous over their domains, which are [-2, 3) and (—1, 5], respectively.
The domain of the sum function p + g 1s

A, [2,5]

B. [2,-DuG, 3] The domain of p is [—2,3) and the domain of g 1s (—1,5] .

C. [2-DuEL3)vE. 3] The domain of the sum function p+ ¢ is the intersection of the two domains.
D. [-1,3] [-2.3)~(-L3]

E. (-1,3) =(-13)

-22x<3 and -1<x=<5 -1<x<3

N )
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Question 9
The function fis given by

t[ _j
f(x)= 2

sin(ax)

The value of @ for which f 1s continuous and smooth at x =27 1s

A, 2
g T
' 2
1
C. 7
n. L
’ 2
E. 2

2n <x <8

dx

For f'to be continuous at x=27, tan[g] =sin(ax).

For f'to be smooth at x=27, itan[f] :isin(ax) .
A% 2) dx

1
a=——
2

MAV2023

X
4nd tan|— =sin(a-x),a x=2-mwand -3<a<3
2
A
-1
a=—
2
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Question 19

: : 9 : i
Find all values of %, such that the equation x? + (4k + 3)x + 4k* —— =0 has two real solutions for x, one positive and
one negative. 4

A.

k>—E
4

Xt +(4k +3)x+ 4K —% =0
Solve A= (4k+3)" - 4[4!{2 —%] >0 for k for two unique solutions.

k>—i
4

One solution has to be positive and the other negative.

Solve :{2+(4k+3)x+4k2—§:0 tfor k&, when x=0 and k>—%.

k=3

4
_i{k{i
A 4
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6.6666Y

- Vo2 4 (e k) xade K2
solve|(4- k+3)2-a (4 k2-2)s04] = F16(c)=x” +(4 ks 3)- x+4- k*~ p
4 4
1 X
9 _ -~
solve|x2+(4- &+3) x+4 k2 —==0k|p=0 and » 10 1 10
A k =-.75
fe=— ——
4 -5. 5.

66666 o
£16(c)=x?+(4- k+3) x+4- k*-= £16(0) =2+ (4 Ko+ 2)- x4+ k2 -

\ ! / d 1 .
0

6.6666Y

o 1 1 0 1 10
k =0. k =.75

I
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OR
—_— - f 2 —_—
Use the quadratic formula and solve b+ ; dac p
a

—4k—3+\/(4k+3)2 —4[4&2—

5

So solve

solve

>0
2
_3 2
_<k<_
+ 4+

~b—+/b* —4ac

2a

<0.

—4k—3—\/(4k+3)2 —4[4&:*’- —%]

>0 and

<0 fork.

2
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Question 20

Let f{x)=log, [_r + %J

Let g(x) = sin(x) where x = (—e, 5).
The largest mterval of x values for which ( /= g)(x) and (g = /)(x) both exist 15

\ f_i 5_3.1-“\
h L V24 f(x):logg[x+ij, g(x) =sin(x) where xe(—0,5)
o -5 2] v

L2 4 (fog)(x)=log, [sin(x)%—i]
c {_E -L"f] V2

B Hence, si11(:c)+L >0.

N V2

S Solve sin(x):—i, x:...—f,s—ﬂ as x<5

_z _LJ V2 4
E ] ry y'E

Hence xe[—%+27rk,5§+27rk], ke Z” L{0}.

(go f)(x):sin{logg[x+%n

Solve logg[x+ij<5, x=e - 1

V2 2
L es_L]
V22

The largest interval of x values for which either (/' g)(x) or (g f)(x) exist is
—£+27rk,5—ﬂ-+27rk |- !
4 4

—_], keZz U0}
TEY

Hence x e [

1
NN
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MAV2023

1 Done
r(x).—ln (x+ \/? )
g(x):=sin(x)|-°°<x<5 Done
domain (g (f(x)),x) -[2 e _\/?
2 = 2

domain (f(g (x)),x)

1

b1
2 N7 m——<x<min
4

|

b1
@2-n7 Jt——<x<min(

5.1
52-n7 n+—

5.1
5,2* n7- n+—
4

4

I

or2-n»

)|n7=0

5.1

4

4
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Question 18

Consider the function /' : [-ax an] — R, f(x) = sin{ax), where a 15 a positive imnteger.
The number of local minima in the graph of v = f(x) 1s always equal to

A 2
B. 4
C. a J:[~ax.ax] > R, f(x) = sin(ax)
D- 2{: a Number of local
E. a minima

1 1

4
3 9

The number of local minima is a”.

0.2

-10

Y
ey

flS(x)={sin(a- x),-a- nExsar

2|

oWy X

),-a- mEx<ar

F

£15(x)={sin(a-

A A AN
PVUVRVUVY

f1 5(x)={sin(a- x), -ar mSx<ar
_:tfxt
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Question 12

The probability mass function for the discrete random variable X is shown below.

X

-1

2

Pr(X =)

kZ

—2—Ak+1

The maximum possible value for the mean of X 1s:

A0

!
B.

2
C. 3
D. 1
E. 2

From observation 4> 0 and the maximum will occur when k=0, E(X )
E(X)=—-k"+k-2k>-8k+2
E(X)=-3k>-7k+2,when k=0, E(X)=2.

N )
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A polynomial has the equation vy =x(3x — 1) (x + 3) (x + 1).

The number of tangents to this curve that pass through the positive x-intercept is

A.

EEOR

0

1
2
3
4

y=xCx-D(x+3)(x+1)
The positive x-intercept is % .

Find the tangent line at x=a.
yr=(12a’+33a’ +10a-3)x—d* (94’ + 22a+5)

Solve y; [%j =0 fora.

~7-4  J1-4
a= ,a=
3 3

or a=—
3

Hence three solutions.

AV2023

tangentLine (x- (3- o= 1)- (x+3)- (x+ 1),x,a)

(12- a3+33-a2+10- a—3)-x—a2- (9- a+22: )

solve((12- a3+33- a?+10- a—3)- x—az- (9- as

Al s

a=—————o0

1
ra=—
3 3
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Question 17

A cylinder of height / and radius » 1s formed from a thin rectangular sheet of metal of length x and width y, by cutting
along the dashed lines shown below.
The volume of the cylinder, in terms of x and y, is given by

. A, Txly
D B >
i ' 4
i i i mxy? =2y°
i B T
"-h"\ : : 2 .-ﬁ\ :
‘ 3 { r] L i y c 2},3 _H”\.},Z
3 4 e - . 4
\s_.__d’: i‘s_____;' : 4}"[2
1 1 !
) ] I 2
I 1 ! mxy —2y-
! i v D. 2r
+————————h— ——————— >
2y2 —mxy
E. T or
The volume of the cylinder, in terms of x and vy, 1s given by
The base of the cylinder has a circumference of 277 units.
2
Hence yzZm’,rzzl. V=l r—z—y :71'-'0/2—23/3
s 4 2w /s 4r’
h=x—4r, h= x——y
T

The formula for volume of the cylinder is ¥V = 77°h.
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Question 11

Two functions. f and g, are continuous and differentiable for all x € R. It is given that /(—2)=-7. g(-2) =8

and f'(-2)=3,¢g'(-2)=2.
The gradient of the graph y = f(x) x g(x) at the point where x =—2 1s

A.

SR

—10
0 af ()g(x) = (x)g(x)+ f(x)g'(x)
6 =/ (2)g(2)+g(-2f'(-2)

10 =3x8+-7x2

=10

N )
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 Give an exact answer unless otherwise stated.

* No calculator syntax.

* Show working for questions worth more than one mark. (Rule and
answer)

* Work to more decimal places than the required answer.
e Use the variables that are given within the question. (SAC questions)
* If arule is required, give a rule, not just an expression.

N )



Extended Answer @ iz
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* Reread questions.

* Take time when drawing graphs — scale axes, check if coordinates are
required, one sharp line...

* Don’t assume steps in Show That questions.

* Use brackets correctly.

e Transcribe formulas correctly (reread the calculator).
e Put units in the final answer.

* Check that the final answer makes sense.

* Use the calculator....check the entry

* Check the float on the calculator.

~_——— S )



Extended Answer
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* Be careful with hand writing.

 Use a horizontal vinculum with fractions.

* HB pencil or darker, no light pens....
* Check intervals [-2,2] not [2,-2]
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Nz 7 e S S SS IS
Question 1 (11 marks)
Let f: R = R, f(x)=x(x—2)(x + 1). Part of the graph of f is shown below.

by
A

Solve f(x)=0 forx.
x=—10o0r2

The coordinates of the axial intercepts are
(_l: 0): (050) a]ld (2!0)‘

a.  State the coordinates of all axial intercepts of f.

N )
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0 b 25 68 16 A
Nz 7 e S S SS IS

b. Find the coordinates of the stationary points of f.

Solve f'(x)=0 for x OR Use fmax and fmin

741 T4
X= 3 or x— 3

1) 2710 () 2(74T +10)
f[ 3 ]_ 27 ’f[s]_ 27

The coordinates of the turning points are

_\/jﬂjz(?ﬁ—m) . ﬁﬂj—z(?ﬁﬂo).

27 3 27

& Edit Action Interactive

) 5 ) 8 = )

Define f(a)=2(x—2) (x+1)

4
done
fMax(f(x),2,-1,2)
147 20 =7 L]
[MaxValuc— 77 X=—3 -I-3
&
am

27
fMin(f(a), 2, -1, 2)

: _=14+T 20 __VT L]
[M'ﬂm“e‘ 27 271'% 3 *3

=

Alg Standard Real Rad

N )



Question 1ci.
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i. Letg:R—> R, g(x)=x—2.

Marks ‘ 0

‘ Average

Find the values of x for which f(x) = g(x).

Solve f(x)=g(x) forx.

x=2.,x

—1+45

2

solve (f(x) =g (x) ,x)
(5 +1)

x=

2

&

THE MATHEMATICAL
ASSOCIATION OF VICTORIA
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ii.

% 25 15 81 14
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Write down an expression using definite integrals that gives the area of the regions bound

by fand g.

o
|
L

[
b

Area of the bounded region = (f(x)—gx))ax+ | (glx)—f(x))dx

—f5-1 5-1
2

S
n

[

OR
2

Area of the bounded region = I ‘f(x) —g(x)‘dr
2

THE MATHEMATICAL

Ak ASSOCIATION OF VICTORIA
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Question 1ciii. [Fn

E

58

‘ Average

0.6

Nt S S NSNS

iili. Hence, find the total area of the regions bound by f and g, correct to two decimal places.

Area = 5.95 units? correct to two decimal places

THE MATHEMATICAL
" ASSOCIATION OF VICTORIA

5311303 ) £2(x)=g(x)

>

o0

(o]

=

h

o

22
vy

(1.21525,-2.112612)

Lower=—1. 614
Jdx=3. 37090414

...4

Upper=2
=5, 94604576 1

N )
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d. Leth:R— R, h(x)=(x—a)x — b)*, where h(x) = f(x) + kand a, b, k € R.

Find the possible values of a and 5.

Method 1 x°-a-x%-2- b x?+2- @ b x+b >+ x-a- b>
(x _a)(x _‘b)z - f(r) +k expand(f(x)+k) x> —x2-2- x+k
Expand both sides
.ﬁcj—(a+2b)x?‘+(?_ab+L’;~2)x—ab2 =x —x’—2x+k Solve({a+2-b=12 dap}
2- @+ b+b?=-2
Equate coefficients
-2 7 —_ 2.
—(a+2.b):—l a=m and b=@ ora=9 J;H’
3 3 3 i
2ab+b* =2 v
—ab® =k (optional as & 1s not asked for) K} > *2023VC..m2
JI+1 207+ R N
b= 3 ﬂ:? x> =a-x2=2 b x%+2 @ b x+b > x-a- b
- 7 +1 0 247 +1 expand(f) +4) x3-x2-2: x+k
3 73 ——
SOIVG({G+ 2 ,{a,b}
2 q- b+b3=-2
q b= \/7+1 ora= - \/7+1 and b=@
3 3 3 1

N )
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Method 2 L. . ‘|'2=;‘(x)+k,a)|b J7_+1 and k= = (7. J7_+1O) ‘ so]ve((x-a)- (x-b)2=f(x)+k,a)|b= 7t and » ‘
The turning point is on the x-axis. 3 ( 27\{_ )1 3 !
Solve (x—a)(x—b)’ = f(x) +k for @ when === 37 - i e
2(747 +10 7+ -2 (7- 7 -10 o
k= ( ) and b= ﬁ +1 ‘=}(-‘<)"‘kﬂ)|b= J: - and h% so]ve((x—a)- (x—b)zuj‘(x)+k,a)|b= +1 and"
27 3 T 3
N7+ 27 +1
—2(74J7-10 _ TSI, ae-— 1|8
= ( ) and 5=+
27 3 :
b= ﬁ—i_l » d= ﬂ solve (f(x —l4‘ﬁ+@=0 x o
3 3 (2)="57 *+2770:%)
_ﬁ+1 2ﬁ+1 {A—'f+;-x—2'f*é}
b= , a= solve(f(x)+%+%=0,x)
3 3
{ 247 .1 < V7o 1}
=T33l

i

e

Rad  Real (m

IHIOJI\)¢
-
)
=

N )
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Method 3
Solve #(0) = £(0)+k, h(1)= f()+k and (2)= f(2)+k foraand b
J7+1 207 +1

b= , a=

3 3 ..
po T 2T solve(#(0)=A0) +kand 4(1)=A1)+kand Al2)5> 2| | «(0)+kand #(1)=A1)+k and h(2)=A2)+kabk) *

3 3 H=M and b= 7 +1 andk:z. (? J-.’ ‘r?_+1 2% (? J?_+10) _2. J?_.p.l

= and k= L W b —
3 3 2 3 27 3

solve(#(0)=A0)+/ and (1) =A1)+kand 4(2)=p

-2 (
{— and b=———and i=

2
-

+1 -(f7 -1) (77 -10)
27

N )
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Question 2 (11 marks)
The following diagram represents an observation wheel, with its centre at point P. Passengers are seated in . 2 i
pods, which are carried around as the wheel turns. The wheel moves anticlockwise with constant speed and T]]E pEI’lDd =—=30
completes one full rotation every 30 minutes. When a pod is at the lowest point of the wheel (point A), it is
15 metres above the ground. The wheel has a radius of 60 metres.

pF_%
30 15
Solve h(0) =15

—60+c=15
c=75

Consider the function h(f) = —60 cos(bf) + ¢ for some b, ¢ € R, which models the height above the ground
of a pod originally situated at point 4, after time f minutes.

a. Show that b= % and ¢ = 75.

N )
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b. Find the average height of a pod on the wheel as it travels from point 4 to point B.

G1ive your answer in metres, correct to two decimal places.

15

Average height = 1 h(t)drt

7.5 %
=36.80 m correct to two decimal places .1_5 36.802814
2
1
— h(x) dx
2 Jo
2

N )



C.

% 45 b5 05
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Question 2c. = @ iz

Nt S S NSNS

Find the average rate of change, in metres per minute, of the height of a pod on the wheel as 1t travels
from point 4 to point B.

Average rate of change in height = h(T'? ; 0) 2.1 | 2.2 | 2.3 ariepien raD [§] X
—8 m/min h7.5)-h(0) 8.

7.5

N )
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Nt S S NSNS
After 15 minutes, the wheel stops moving and remains stationary for 5 minutes. After this, it continues
moving at double its previous speed for another 7.5 minutes.

The height above the ground of a pod that was initially at point 4, after 7 minutes, can be modelled by the
piecewise function w:

h(t) 0<7<I5 k=75+60=135
w(t) = k 15<r<20
h(mt + n) 20<1<27.5 oz 30 30
Period = —=—=
where k20, m>0and#n € R. bm m 2
m=2

d. i. State the values of k and m.

N )
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ii. Find all possible values of ».

Solve w(20) =/(2(20)+n)=135 or w(27.5) =15

n=5+30p, pe”Z

OR
n=30p—55, p € Z other possibilities

(), 0<x<15
wlx):={ 125, 15<x<20
h(-2- x+25- 7),20<x<27

solve(i2(20- 2+p)=135p)

5
p=5- (6- n5+1)

@ Edit Action Interactive

g; | &y f [sime | s | # [ 41 I'-

Alg Standard  Real Rad

Define h(a)==60cos( 1) +75

done
solve(h(40+m) =135, i)
{n=30-constn{1)-55, n=30-constn(2)-25}
1]

~_——— S )
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Question 2dii
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° % 39 25 12 24 1.2

iili. Sketch the graph of the piecewise function w on the axes below, showing the coordinates of the
endpoints.

=

180
4 i | |

T ., 135) (20, 135)

X
~

N

120

i

~_——— S )
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Question 3 (12 marks)
Consider the function g : R — R, g(x) = 2%+ 3.

a.  State the value of lim g(x).

X—> —o0

lim g(x)=35

r—=—= g(x):=2x+5 Done

N )
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Nz 7 e S S SS IS
The derivative, g'(x), can be expressed in the form g'(x) =k x 2%
Find the real number £.

g (x)=kx2", g'(x)=log,(2)x2"

k=log,(2) OR k=In(2)

&

THE MATHEMATICAL
ASSOCIATION OF VICTORIA
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y=2%log,(2)x—(alog,(2)-1)x2°+5

OR v=2%log_ (2)x—a2"log, (2)+2°+5

tan gentLine(g(x X,a
29 1n(2) x-(a- n(2)-1)- 29+5

THE MATHEMATICAL
A ASSOCIATION OF VICTORIA

i. Let a be a real number. Find, in terms of a, the equation of the tangent to g at the point (a, g(a)) :

£ Edit Action Interactive

[

81| & | ] sime |52

¥

Iy

Define g(ac)=2%+5

y=tanLine(g(x), x, a)

done

y=2%.x+In(2)-2%a:In(2)+22+5

N )
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ii. Hence, or otherwise, find the equation of the tangent to g that passes through the origin, correct to
three decimal places.

Substitute (0, 0) into y =2log,(2)x —(alog,(2)-1)x2 +5 and solve for a.

a=2.61784...
v =4.255x correct to three decimal places

A solve(2a- ln(Q)- x—(a- 1n(2)-1)- 2':’r-t-‘.5-='l),-:r}b .Solve(-za'adn ( 2)+23+5=[]' a)
a=2.6178471 | | {a=2.617847065}
29 1(2)- x—(a- 1n(2)—1)- 29 4510=2.6178470" tanLine(g(x),x, 2.617847065)
e 4.25476866+x—0. 00000000337

N )
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Leth:R— R, h(x) =2 —x2

d.
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Marks ‘ ]

‘ Average

&

Find the coordinates of the point of inflection for /4, correct to two decimal places.

Solve A"(x) =0 for x to find the point of inflection.

n(2.057...) = —0.070...

(2.06,—0.07) correct to two decimal places

OR
Find graphically.

dx\dx

#(2.0575327)

solve(i(i(h&) |

x=2.0575327

-0.07070298

(2.057523,-0.070702)

/f'\

THE MATHEMATICAL
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e.  Find the largest interval of x values for which 7 is strictly decreasing.

Give your answer correct to two decimal places.

Solve di(h(x)) =0 for x OR use the graph.
X

The graph is strictly decreasing over the interval [0.49.3.21], correct to two decimal places.

'solve[i(h(x) ) =0, x]
dx

{x=0. 4850896367, x=3. 2124El
\D n

Iy

(0.4851,1.1644)

D:S/’-.\ > /\
-5 0.5 8 { : | i ] __ ¢
\o-/ 2 J o 1 ; 5 § 7 :
(3.212433,-1.050602) |
e ATy
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f. Apply Newton’s method, with an 1nitial estimate of x, = 0, to find an approximate x-intercept of /.

Write the estimates x, x, and x5 in the table below, correct to three decimal places.

y Newton’s method x, ; =x, — i)
Xo 0 7o)
1 Answers are correct to three decimél -places.
x, =—1.443
*2 x, =—0.897
x; =—0.773
X3

N )
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x—
d
dx(h(x))

ix—
d
dx(h(x))

x—
d
a;(h(x))

h(x)

h(x)

h(x)

Marks

‘ Average

Done

Done

ans —h(ans).‘d(ans”

| x=0

-1.442695041

| x=ans

-0.89706458

| x=ans

-0.7734702257

-1.442695

h(-1.442695040889)

d(-1.442695040889)
-0.89706458

-1.442695040889-

#(-0.8970645800168¢

d(-0.8970645800168¢
-0.77347023

-0.89706458001684—

<
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For the function 4, explain why a solution to the equation log,(2) x (2¥) — 2x = 0 should not be used as
an initial estimate x, in Newton’s method.

us

The solutions to log,(2)x2" —2x =0 will give the x values of the turning points of the graph.
h(x)

r

The tangents to the graph will be horizontal lines and 7#'(x)=0. x,., =x, — will be undefined.

(x)

solve (2% In(2)-2-x=0, x)
{x=0. 4850896367, x=3. 2124 |

a 3

v=h(x) |

¥
ot
J1£0'485 1,1.1644)

/18,4851,1.1644
—2 f 0 1 z\sj 5 B 7

(3.2124.-U6Thihgent

xc=J48_§1 yc=1. 1643609
y=—1.5e-5-x+1. 16436814 | Bz | Oy

N )
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There 1s a positive real number » for which the function f(x) = »* —x” has a local minimum on the
X-axis.

Find this value of n.

Use the slider : x
0 n =2.72 T x n 10
B(x)=n =X
T
OR 5. (2.718282,-0.0000002)

Solve f(x)=0 and f'(x)=0.
f(x)=x"-n"=0 and f'(x)=log,(n)n" —nx"" =0

-6.67

Define f(x)=n*-x"

xX"=n', x=n

H _1 . - _g done
jt.:]:u:e, S'(m)y=log,(mn" —nn"" =0. tx)m0
" (log, () ~1) =0 Lty =0
log,(n)—1=0 X n, X
log,(n) =1 {n¥-x"=0, n¥+In(n)-n-x""1=0}
ey 0.
{n=2.718281828}

N )
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Question 4 (15 marks)

A manufacturer produces tennis balls.

The diameter of the tennis balls 1s a normally distributed random variable D, which has a mean of 6.7 cm
and a standard deviation of 0.1 cm.

a. Find Pr(D > 6.8), correct to four decimal places.
X ~ N(s.s,o.lf”)

Pr(D = 6.8] = 0.1587 correct to four decimal places

normCDf (6.8,9,0.1,6.7) |
normCdf(6.8,%,6.7,0.1) 0.15865526 0. 1533552539‘

N )
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b. Find the minimum diameter of a tennis ball that is larger than 90% of all tennis balls produced.

Give your answer in centimetres, correct to two decimal places.
Pr(D<d,;, )=09

d_. =6.83 correct to two decimal places

i

5 |[invNormCDf (”"L”,0.9,0.1,6.7)
invNorm(0.9,6.7,0.1) 6.8281552 6. 828155157

N )
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Tennis balls are packed and sold in cylindrical containers. A tennis ball can fit through the opening at the
top of the container if its diameter 1s smaller than 6.95 cm.

c¢.  Find the probability that a randomly selected tennis ball can fit through the opening at the top of the
container.

Give your answer correct to four decimal places.

Pr(D <6.95)=0.9938 correct to four decimal places

normCDf (0,6.95,0.1,6.7)
0.9937903347

normCdf(-,6.95,6.7,0.1) 0.99379032

N )
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d. Inarandom selection of 4 tennis balls, find the probability that at least 3 balls can fit through the
opening at the top of the container.

Give your answer correct to four decimal places.

X ~Bi(4,0.99379...)

Pr(X > 3) =0.9998 correct to four decimal places

binomialCDf (3, 4, 4, 0. 9937903347)
binomCdf(4,0.99379032,3,4)  0.99977055 0.9997705514

N )
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A tennis ball 1s classed as grade A if 1its diameter 1s between 6.54 cm and 6.86 cm, otherwise it 1s classed as
grade B.

e.  Given that a tennis ball can fit through the opening at the top of the container, find the probability that
it 1s classed as grade A.

Give your answer correct to four decimal places.

Pr(6.54 <D <6.86| D < 6.95)

 Pr(6.54 <D < 6.86) normCdf(6.54,6.86,6.7,0.1) 0.89040142
~ Pr(D<6.95) normCDf (6. 54, 6.86,0.1,6.7)
0.89040142120933 0.89596508 ormCDI (0 6.95. 0.1.6.7)
_ 0.89040... 0.99379032014651 0. 8959650598
0.99379... '

=0.8960 correct to four decimal places

N )
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The manufacturer would like to improve processes to ensure that more than 99% of all tennis balls
produced are classed as grade A.

Assuming that the mean diameter of the tennis balls remains the same, find the required standard
deviation of the diameter, in centimetres, correct to two decimal places.

X~N(6.7.67)
Pr(6.54 <D < 6.86) 2099 solve(normCdf(6.54,6.86,6.7,5)=0.99,s)js>0
s=0.062116
686267 _55758.. or 24707 55758
o o
0 <o <0.062... as the question did not ask for the maximum value of & .
So 0=0.00 or 6=0.01 or 0=0.02 or 6=0.03 or 6=0.04 or 0=0.05 or 0 =0.06 correct to
two decimal places.
. - solve (normCDf (6. 54, 6. 86, x,6.7)=0.99, x)
invNorm(0.995,0,1) 2.5758293 (x=0. 0621156173}
6.86-6.7 i normCDf (6. 54, 6.86,0.06,6.7)
solve|—=2.5758293030016,a

a 0.9923392389

@=0.06211592

N )
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g.  An nspector takes a random sample of 32 tennis balls from the manufacturer and determines
a confidence interval for the population proportion of grade A balls produced.

The confidence interval 1s (0.7382, 0.9493), correct to 4 decimal places.

Find the level of confidence that the population proportion of grade A balls is within the interval, as a
percentage correct to the nearest integer.

A 0.7382 +0.9493 0.9493-0.84375 0.10555
p= =0.84375
2 0.84375- (1-0.84375) I
solve|a- - =0.10555,a
Solve ME = = (0-34373x(=084375) _ 5103 084375 =0.10555 for =. a=1.0444335
32 normCdf(-1.6444,1.6444,0,1)  0.89990642
z=1.6444... 0.7382+0. 9493
Pr(-1.6444... < Z <1.6444..) 2
27
=0.8999... 3
=90% as a percentage correct to the nearest integer 27 %;—2
solve 3242- 32 =0.9493,z

{z=1.64443352}
normCDf (-1.64443352, 1.64443352, 1, 0)
0.8999133141

N )
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A tennis coach uses both grade A and grade B balls. The serving speed, in metres per second, of a grade A
ball 1s a continuous random variable, 7, with the probability density function

| 1 in| =30 30<v<372 +30
f(v)y=16r 3

0 elsewhere

h. Find the probability that the serving speed of a grade A ball exceeds 50 metres per second.

Give your answer correct to four decimal places.

4.1 mm 2023 VC..m 2 RAD D X
37%+30 P -
Pr(v >50)=[ " S 3 72430
5 . 1 . x-30
=0.1345 correct to four decimal places (; Sm( 3 ))dx I
J =0
0.12451637

N )
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i.  Find the exact mean serving speed for grade A balls, in metres per second.

372430

ED)=[ (v f0))a

=3(7"+4)=37"+12 3. 72430

N )
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The serving speed of a grade B ball 1s given by a continuous random variable, 7, with the probability
density function g(w).

A transformation maps the graph of f to the graph of g, where g(w) = af(%]

j.  If the mean serving speed for a grade B ball is 272 + 8 m per second, find the values of @ and 5.

Method 1 (transform the mean)

E(W
To maintain an area of 1, a:é OR I):M

N )
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The serving speed of a grade B ball 1s given by a continuous random variable, 7, with the probability
density function g(w).

A transformation maps the graph of f to the graph of g, where g(w) = qf'(%].

j.  If the mean serving speed for a grade B ball is 272 + 8 m per second, find the values of @ and 5.

Method 2 (simultaneous equations)
(3724305 (372 +30)5 (3 ) b
I g(w)aw =1 and I (wx g(w))dw=27"+8 A Solve (a-i(%’))dwﬂ and |
30 305 203
g E, po 2 a=1.5 and b=0.66666667
2 3

solve( (3*n2+12)°b=2*n2+8, b]

&

N )
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Question 5 (11 marks)
|
[et/:R—>R f(x)=e*+te and g:R—> R, g(x)= Ef(Z —X).

a. Complete a possible sequence of transformations to map fto g.

e Dilation of factor 7T from the x axis.

2 e Reflect in the y-axis
. e Translate 2 units right (positive x direction)
OR
. e Translate 2 units left (negative x direction)
e Reflect in the y-axis
1 _ . OR
glx)= Ef (=(x=2)).fis an even function e Translate 2 units to the right (as fis an even function)

N )
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Two functions g, and g, are created, both with the same rule as g but with distinct domains, such that g, 1s
strictly increasing and g, 1s strictly decreasing.

b.

Give the domain and range for the inverse of g;.

Using the maximal domain where g, is strictly increasing
Domain of g is [2,)

Range of g is [L )

Hence,

Domain of g, is [1,)

Range of g~ is [2,)

Note the question did not ask for the maximal domain.

0.5

0.5

N )
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Two functions g, and g, are created, both with the same rule as g but with distinct domains, such that g, 1s
strictly mcrea sing and 2, 1S strictly decreasing, Note the question did not ask for the maximal domain.

b. Give the domain and range for the inverse of g;.

OR
Using a subset

Domain of g~ is (1,»)

Range of g, is (2,%)

(many possibilities)

If g, 1s defined with a domain which is a subset of [23 ») then the domain and range of g, should

match this subset.

N )
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Shown below is the graph of g. the inverses of g, and g, , and the line y = x.

Solve g(x)=x

inverse of g,

P (1.27,1.27), QO (4.09, 4.09) correct to two decimal places

¢l =3 f2=) rap [I] X
g(x):=i- (e2—x+ex—2) Done I
I’ \\
i,werse:f\g;‘\\ A solve(g(x)=x,x)
~To — > x=1.2747363 or x=4.085186

The intersection points between the graphs of y = x, y = g(x) and the inverses of g, and g, . are labelled P
and Q.

c. i. Find the coordinates of P and O, correct to two decimal places.

N )
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ii. Find the area of the region bound by the graphs of g, the inverse of g; and the inverse of g, .

Give your answer correct to two decimal places.

4.00...
2 x—g(x))dx

15[;( )d 4.085186( ( )) 5.56090923
B : 2 x—g\x))dx
=5.56 correct to two decimal places e
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1
Leth:R — R, h(x)= ;f(k — x)., where k£ € (0, »).

d. The turning point of /7 always lies on the graph of the function y = 2x", where » 1s an infeger.

Find the value of ».

H(x)=0, x=Fk
2 -1 n
k)y===2k" =2k
k 2x):=2- x" e ) 2
n=-1 _ "
= solve( 4, ))=0,x) x=kand k=0 k l
dx solve(h(k)=1(k),n) 1o i
h(k) -% n= X and A>0
x In (%)

N )
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Let iy : [k, o) — R, hy(x) = h(x).

k 1
The rule for the inverse of /1, is y =log, {51: + 5 k*x? — 4] +k

e.  What is the smallest value of k such that /z will intersect with the inverse of /#,?

Give your answer correct to two decimal places.

m 9.2 m 2023 VC.m2 RAD [] %

Use the slider h (x):=i-f(k—x)|k>0 cad solve(i(hi(X))=lx) i
OR k " dx
/ Ji2+a ,fk2 4
SD]_VE h—lr (Y) — l ‘?C — kz + 4 hi(x):=ln(§' x+%' k2- x2_4 )+k Do"e X= k+ and kzo or x= k+ and kz’
1 3 - k ~ k

A solve (hi (x)=x,k)|x=

A 2 2
k VKT +4 k=+4 k=-2.3095335 or /=1.26873329

and 420 or x=
G k v ) N

xX=

d / 2
2 2 solve(—x(hi(x))=1,x k°+4
vk +4J: k;ﬁl for I d -

Solve hl_l {

k =1.27 correct to two decimal places

N )



Question 5e. ==k

% 86

E
4

‘ Average

0.0

Nz ez SSSSSSSSaSSS|

Let iy : [k, o) — R, hy(x) = h(x).

k 1
The rule for the inverse of /1, is y =log, [Er + 5 k*x? — 4} +k

c.

What 1s the smallest value of & such that /# will intersect with the inverse of /7,?

Give your answer correct to two decimal places.

Define f(x)=ln[%ox+%-v/k2-x2-4]+k

done
f(x)=x
4 (f(x))=1
dx

X, k
{x=1.866804,k=1. 268733892}

THE MATHEMATICAL
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It 1s possible for the graphs of /7 and the inverse of /; to intersect twice. This occurs when £ = 5.

f. Find the area of the region bound by the graphs of / and the imnverse of /7;, when £ = 5.

Give your answer correct to two decimal places.

Use bounded area
OR

-1
Solve i (x)="h(x) , x=1.45..., x=8.78... sotve ()= () )5 _
8.78157... x=1.4509124 or x=8.7815745 R .
. -1 - oo ot 1'1 T 01201 -
A= 145001 Iy () = hl(x) x 8.7815745 43.913909 | ™ (9ot - J;,— L .
. (ki(x)—h(x))dxliFS fdlx)=In T-_\+-)—- dorx“=4 |+d
=43.91 correct to two decimal places 1.4500124 T e
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